24 FOUNDATIONS OF CONSTRUCTIVE ANALYSIS
Write

o = (%o + Y2a)
Then o« — 22> a — o — |T20 — 2| 2 $¥en — T2n) — (20)71 > 0
Also, ¥ — a2 ym — o — |[ym — Yyl > 1y — ) — 20)71 >0
Therefore z < a < y.

As a corollary, for each z in R and » in Rt there exists « in @ with
|z — a| < r. Here is another corollary.

Proposition 7 If z1, . . ., z, are real numbers with x, + - - - 4
2, > 0, then z, > 0 for some i (1 <1 < n).

Proof By Lemma 4 there exists a rational number a with 0 < o <
zy+ ¢+ 4+ z.. Let a; (1 <7 < n) be a rational number with

|z — ai] < (2n)"la

n n
Then a; > Em,-— z i — ail > da
= =

Therefore a, > (2n)'a for some 7. It follows that
> a— |z —a >0

Corollary If x, y, and 2z are real numbers with y < z, then either z < z
oz > .

Proof Since z—r+ax—y=2z—y >0, either 2—2>0 or
x — y > 0, by Proposition 7.

The next lemma gives an extremely useful method for proving in-
equalities of the form 2 < y. :

Lemma 5 Let x and y be real numbers such that the assumption ¢ > y
implies that 0 = 1. Then x < y.

Proof Without loss of generality, we take y = 0. For cach n in Z+,
either z, < n~! or z, > n~'. The cuse x, > n~! is ruled out, since it
implies > 0. Therefore —z, > —n!, for all n, so that —z > 0.
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Theorem ! Let {a.) be a sequence of real numbers. Let xo and yq be
real numbers, £o < yo. Then there exisis a real number x with

(2.22) 2o L2 L Yo
and
(2.23) T O (n €& Z%)

! Proof We construct by induction sequences {z,} and {ya} of rational
numbers such thal

@24) () 2L 2 L8 < Yn SYn S Yo (m>n>1)

(1)) 2 > anory, < 0, (n>1)
(i) Yn — w < 07t (n>1)
Assume that n > 1 and that we. . . ., Tac1e Yo, - -+ , Yn—1 have been

constructed. Either a, > &a_; or a, < ya_1. Incasea, > r,_y, let x, be
any rational number with t,—; < x. < min {an, ya_1f, andlet y, be any
rational number with 2. < y» < min {a,., ya—1. =« + n71}. Then the
relevant inequalities are satisfied. In case a, < yu.1, let y, be any
rational number with max {@a.,2w_1} < yn < Yu—1, and . any rational
number with max {@n, Ta_s, ¥n — 771} < 20 < Ya. Again, the relevant
inequalities are satisfied. This completes the induction.
IFrom (i) and (iii) it follows that

Mo — Tl = 2 — 20 < Yo — Tn < 071 (m > n)

Similarly |y,, — Yol < n~for m > n. Therefore z = {a.} and y = {y.}

- 4re real numbers. By (iii), they are equal. By (1), &» < z and . > y

: foralln. If o, <, thon a, < 2,50an 7 . If @ > yuthena, > y = =,
0% # . Thus @ satisfies (2.22) and (2.23).

Theop o .

orem 1 is the famous theorem of Cantor, that the real num-
8 are 3 - . : - :

¢ uncountable. The proof is essentially Cantor’s “diagonal”

of. ‘ ;
an‘h Cantor’s theorem and his method of proof are of great
oy Ance,

Se :;r::lﬁ‘ ff”_"i““’ll@ to r,'«'n'mi'der some ({()untoremmples. L.et- {n:} be
b 1, ’rm‘n’vif r‘g“l“ cach of which ix either 0 or 1, for which we are
.. e cither that ny = 1 for some & or that ny, = 0 for all k.
5 Ponds 1o what Bronwer ealls “n fugitive property of the

nu T 4 =
BBers ! Such & wscvionin Sy K defined. for examnle, as





